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A second wave pandemic constitutes an imminent threat to society, with a potentially immense
toll in terms of human lives and a devastating economic impact. We employ the epidemic renormal-
isation group approach to pandemics, together with the first wave data for COVID-19, to efficiently
simulate the dynamics of disease transmission and spreading across different European countries.
The framework allows us to model, not only inter and extra European border control effects, but
also the impact of social distancing for each country. We perform statistical analyses averaging on
different level of human interaction across Europe and with the rest of the world. Our results are
neatly summarised as an animation reporting the time evolution of the first and second waves of
the European COVID-19 pandemic. Our temporal playbook of the second wave pandemic can be
used by governments, financial markets, the industries and individual citizens, to efficiently time,
prepare and implement local and global measures.
Pandemics are increasingly becoming a constant men-
ace to the human race, with COVID-19 being the latest
example. A second wave is creeping back in Europe and
is poised to rage across the continent by fall 2020.
In this letter we provide a statistical analysis of the
temporal evolution of the second wave of infected cases,
with the impact for various European countries. To
model the spreading, we employ the epidemic Renormal-
isation Group (eRG) framework, recently developed in
[1, 2]. It can be mapped [2, 3] into a time-dependent
compartmental model of the SIR type [4]. The Renor-
malisation Group approach [5, 6] has a long history in
physics with impact from particle to condensed matter
physics and beyond. Its application to epidemic dynam-
ics is complementary to other approaches [7–17].
The eRG approach consists in a set of first order dif-
ferential equations apt to describe the time-evolution of
the infected cases in a specific isolated region. It has
been extended in [2] to include interactions among mul-
tiple regions of the world, without the need for powerful
numerical simulations. The set of equations [2] reads
dαi
dt
= γiαi
(
1− αi
ai
)
+
∑
j 6=i
kij
nmi
(eαj−αi − 1) , (1)
where
αi(t) = ln Ii(t) , (2)
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with Ii(t) being the total number of infected cases per
million inhabitants for region i and ln indicating its nat-
ural logarithm. These equations embody, within a small
number of parameters, the pandemic spreading dynam-
ics across coupled regions of the world via the temporal
evolution of αi, which resembles the energy dependence
of the interaction coupling appearing in fundamental in-
teractions of particle physics.
The first term of the right-hand side in (1) charac-
terises the epidemic evolution within a given region of
the world. The infection rate γi, measured in inverse
weeks, is responsible for how quick the epidemic evolves
in the i-th region. Besides depending on the intrinsic
virulent character of the epidemic, the size of γi can be
controlled via social-distancing measures, with a flatter
epidemic curve associated to smaller γi. It is well un-
derstood [4] that epidemic diffusion curves generally lead
to plateaus in the total number of infected cases at late
times. This is encoded in the parameter ai, equal to the
natural logarithm (ln) of the total number of infected
cases (per million) at the end of the epidemic wave.
The second term of the right-hand side in (1), first
introduced in [2], is a source-term that takes into ac-
count human interaction across different regions of the
world. Here, nmi is the population of region-i in millions
and kij represents the number of reciprocal travellers per
week from region i to region j and vice-versa in units of
million people. For a single country, i.e. France, we illus-
trate diagrammatically the connections given by the kij
couplings in Fig. 1. We also consider an extra-source of
infection modelled as a new region that we call Region-X
(i = 0). We can interpret this region in various ways: for
instance, this may represent an inflow of infections com-
ing from outside of the regions of the world included in
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2the simulation or, alternatively, Region-X may represent
the effect of local hotspots of infections. Of course, it
could also be a combination of the two effects.
FIG. 1. Illustration of the connections kij between, i.e.,
France and the other countries considered in this study. Each
line represents the exchange of infected cases. The line point-
ing outside the map represents the connection with Region-X,
whose role is explained in the main text.
I. METHODOLOGY
To simulate the European second wave, we use as input
parameters the values of γi and ai stemming from the
first wave. Predicting these parameters for the second
wave is hard, as shown for instance in Ref. [18] via a
stochastic SEIR model where very large fluctuations are
found. This is one of the reasons why we choose for our
simulations the parameters coming from the first wave.
Additionally this choice has the advantage of endowing
us with reasonable benchmark values. These parameters
depend on social distancing measures enacted by each
country during the first wave. The methodology of the
fit for γi and ai is described in [1, 2]. The values are
reported in the first three columns of Table I at 90%
confidence level. For the simulations we used the central
values.
We now move to the interaction across the different
European countries encoded in the matrix kij . We gen-
erate the entries of the matrix randomly with each value
in the interval 10−3 − 10−2 and a flat probability. This
translates in a range of 1k to 10k travellers per week
across countries. In our earlier work [2] this interval was
shown to be able to account for the peak delay in between
countries.
As mentioned earlier, we also consider the extra-source
of infection Region-X (i = 0) with a fixed number of
infected cases. This region couples to the different Eu-
ropean countries with randomly generated k0i = ki0 in
the same range as above. To Region-X we can assign
different interpretations. One could be that of an extra-
European source (say the rest of the world) that still
couples to some or all European countries we consider.
Another interpretation is that the coupling k0i to Region-
X represents an internal source of infection inside the i-th
region. To provide a sensible value for the initial source,
we considered the current number of total infected (5.2
millions) normalised to the world population in millions.
Specifically, we randomly generate 100 copies of the
matrix kij to be used to repeat the simulation. The initial
time of the second wave simulations is the calendar week
25, where we set the initial values for αi = 0 (while α0 =
constant). We repeat the 100 simulations with the same
set of kij for five cases, where we modify the coupling to
Region-X as follows:
a) We use the randomly generated k0i = ki0, in the
range 10−2 − 10−3;
b) We divide the k0i by a factor of ten, implying a
90% reduction of the interaction with Region-X;
c) We divide the k0i by a factor of hundred, i.e. a 99%
reduction;
d) All the k0i are set to zero except one, which we
chose to be that of Spain;
e) All the k0i are set to zero except the ones for Croa-
tia, Greece, Slovakia, Spain and Switzerland.
We consider the latter case e) as the most realistic, as
the five chosen countries already show signs of a second
wave as of calendar week 30. For each of these five cases,
we average over the 100 simulated matrices kij to extract
the location of the peak of the newly infected cases for
the second wave per each country. The results are sum-
marised in last five columns of Table I with the errors
representing one standard deviation. The time is given
in 2020 calendar weeks.
II. RESULTS
We first discuss the results for the simulations in case
e), which are more realistic vis a` vis the current situation
in Europe, as of week 30. As a test, in Fig. 2 we show
the outcome for Croatia, where we also include the first
wave from the fit, compared to the actual data points
(from worldometers.info). The blue curve is the result
of one of the 100 case e) simulations, while the orange
curve contains the same simulation shifted back by three
weeks. The shift could be achieved by increasing the
coupling ki0 for Croatia by about one order of magni-
tude (i.e. of the order of 0.1), to reflect the presence of
hotspots inside the country. This is already observable
from the data starting at week 25. The figure clearly
shows that the infection rate γ for the second wave is
very close to that of the first wave and that the simula-
tion provides a reasonable understanding of the second
3First wave parameters Second wave simulations: peak timing (calendar weeks 2020)
a γ case a case b case c case d case e
Austria 7.463± 0.007 0.99± 0.025 30.4± 0.5 32.4± 0.5 34.7± 0.6 38.4± 0.9 34.2± 0.4
Belgium 8.53± 0.02 0.55± 0.02 34.8± 0.7 38.2± 0.7 41.6± 0.6 43.9± 1.2 38.6± 0.5
Croatia 6.268± 0.007 0.71± 0.02 30.9± 0.6 33.6± 0.7 36.6± 0.7 39.9± 1.1 30.9± 0.7
Denmark 7.667± 0.008 0.40± 0.01 35.6± 0.6 39.3± 0.5 42.8± 0.5 44.7± 1.2 39.4± 0.6
Finland 7.190± 0.005 0.385± 0.006 35.5± 0.7 39.2± 0.5 42.7± 0.5 44.5± 1.2 39.1± 0.6
France 7.711± 0.006 0.58± 0.012 36.2± 0.6 39.5± 0.6 42.9± 0.5 45.2± 1.2 39.9± 0.5
Germany 7.679± 0.007 0.62± 0.02 35.9± 0.6 39.2± 0.5 42.5± 0.4 45.1± 1.2 39.8± 0.5
Greece 5.537± 0.009 0.57± 0.02 32.5± 0.6 35.8± 0.5 39.2± 0.5 41.8± 1.2 32.6± 0.7
Hungary 6.022± 0.009 0.47± 0.01 34.0± 0.6 37.5± 0.5 41.0± 0.5 43.1± 1.1 37.6± 0.6
Ireland 8.580± 0.008 0.60± 0.02 33.0± 0.6 36.0± 0.7 39.4± 0.6 42.4± 1.2 37.0± 0.5
Italy 8.304± 0.004 0.429± 0.008 39.3± 0.7 43.0± 0.5 46.4± 0.5 48.2± 1.1 42.8± 0.5
Netherlands 7.904± 0.005 0.525± 0.008 35.1± 0.7 38.6± 0.6 42.1± 0.5 44.5± 1.2 39.0± 0.5
Norway 7.356± 0.006 0.58± 0.02 32.7± 0.6 35.8± 0.7 39.2± 0.6 42.0± 1.1 36.7± 0.5
Poland 7.13± 0.03 0.182± 0.007 46.3± 0.6 49.9± 0.6 53.2± 0.6 54.5± 1.3 49.4± 0.8
Slovakia 5.67± 0.02 0.59± 0.04 31.7± 0.7 34.8± 0.7 38.2± 0.6 40.9± 1.1 31.7± 0.7
Spain 8.747± 0.008 0.46± 0.01 38.2± 0.7 41.9± 0.5 45.3± 0.5 38.7± 1.1 38.5± 0.9
Switzerland 8.196± 0.003 0.72± 0.01 32.3± 0.6 35.0± 0.7 38.1± 0.7 41.5± 1.1 32.3± 0.6
UK 8.353± 0.007 0.368± 0.007 41.2± 0.7 44.9± 0.5 48.2± 0.6 49.8± 1.2 44.6± 0.6
TABLE I. Left block: parameters fitted from the first wave. Right block: median peak time of the second wave for the 5
typologies (cases a–e) we use in the simulations, with 1 standard deviation. The median and error only take into account the
100 simulations, differing by randomly generated matrices kij .
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FIG. 2. Croatian number of total infected cases (not nor-
malised per million) with respect to two theoretical curves.
The blue one is the result of the simulation as described in
the text. The orange curve is constructed by artificially shift-
ing the second wave by three weeks, in order to match the
timing in the data.
wave dynamics. For Croatia we also observe, however,
that the total number of infected cases for the second
wave is higher than for the first wave. It would be inter-
esting to learn, from future data, whether this worrisome
trend is followed by other European countries. The figure
demonstrates that the result of our simple simulation can
be tuned to reproduce the beginning of the second wave
already observed in some countries. This fine tuning is,
however, beyond the scope of this work.
As an example of our results for other countries, we
show in Fig. 3 the epidemic dynamics of the first and sec-
ond wave for three representatives: Italy, France and the
UK. The top panel shows the number of infected cases
(solid lines) not normalised per million as well as the
number of recovered cases (dashed curves). The central
panel shows the number of new infected cases while the
lower panel displays an estimate for the effective repro-
duction rate R. We also show the results for some of the
Nordic countries, i.e. Denmark, Norway and Finland, in
Fig. 4. The number of recovered cases R(t) is calculated
by solving the following SIR-inspired equation [2]:
dR
dt
= 
(
eα(t) −R(t)
)
, (3)
where we fix the recovery rate  = 0.1 in the numerical
solutions. The effective reproduction rate R is estimated
by computing the ratio of the new infected cases over the
new recoveries within the susceptible population, from
the theoretical model. The susceptible population is here
defined as the total number of people infected at late time
for the first and second waves independently. A more ac-
curate result could be obtained using the generalised eRG
approach of Ref. [3], at the expense of introducing more
parameters. The plots are obtained using the simulations
for case e). The height of the second wave peaks are the
same as for the first wave because we used the same γ’s
and a’s stemming from the first wave fit. One could al-
low for variations of these values, however the qualitative
temporal picture of our results would remain similar.
4JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC
Total number of infected
and recovered cases
0 10 20 30 40 50
0
100000
200000
300000
400000
500000
New infected(per week) ITALYFRANCE
UK
0 10 20 30 40 50
0
10000
20000
30000
40000
50000
R
Effective
reproduction number
0 10 20 30 40 50
0
2
4
6
8
10
12
14
Calendar weeks
FIG. 3. Result of case e) for France, Italy and the UK. We show the time evolution of the total number of infected (solid) and
recovered (dashed) cases in the top panel, the new infected in the central panel and the derived reproduction rate R0 in the
bottom panel. The number of cases refer to the total population of the countries. The shown solutions have a peak position
close to the average value from the 100 simulations.
To study the dependence of the peak timing on kij ,
γi and ai, we can use the results from cases a), b) and
c) from Table I, as visualised in Fig. 5. Here we show
the average peak time in calendar weeks versus γ for all
the countries in this study. Comparing the results in each
set of simulations, we discover a clear correlation between
the timing of the peak and the infection rate γi of each
country. The higher is the infection rate the sooner the
peak is reached. Furthermore, comparing the results for
the three cases, we show that reducing the coupling with
Region-X systematically delays the peaks, in accordance
with results reported in [2]. Quantitatively a reduction
of a factor ten in the coupling to Region-X delays the
peaks by about three weeks. We recall that, following the
possible interpretations of Region-X, a reduction of the
couplings to this region can be seen as the effect of travel
bans and/or better control of local hotspots. Overall the
peak timing ranges from end of July 2020 to beginning
2021. We did not find any correlation between the peak
timing and the value of ai across the countries we studied.
The results of cases d) and e), where only a few coun-
tries act as hotspots, as summarised in Table I, show a
common feature: the peak timing of the hotspot coun-
tries is essentially the same we found in the unrestricted
case a), as stemming from the k0i values, while the peak
timing for the other countries is substantially delayed.
The fewer hotspots, 1 as in case d), the more delayed
the peak. The results for case e), are shown in Fig. 6,
with the hotspot countries highlighted in red. It should
be clear that the a’s and the γ’s chosen for the simula-
tion can, and will, be different from the first wave values
we used. Nevertheless, we expect the dynamics to be
still well represented by the framework and that these
values give a reasonable indication for the second wave
European pandemic.
III. DISCUSSION AND VIDEO SIMULATION
We employed the epidemic Renormalisation Group ap-
proach to simulate the dynamics of disease transmission
and spreading across different European countries for the
second COVID-19 wave. Since it has been demonstrated
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FIG. 4. Same as Fig. 3 for Denmark, Finland and Norway.
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FIG. 5. Peak time, in calendar weeks, versus the infection
rate γ for cases a), b) and c).
[3] that the framework can be mapped into other com-
partmental models, our results are sufficiently general.
The approach allows to model inter and extra European
border control effects while taking into account the im-
pact of social distancing for each country. To reduce the
number of unknowns in the simulation, we used the infor-
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FIG. 6. Peak time, in calendar weeks, versus the infection
rate γ for the case e) simulations, with the countries coupled
to Region-X highlighted in red. The errors are one standard
deviation on the statistics given by the 100 repetitions, as
described in the text.
mation from the first wave. This information is encoded
in the infection rate and the logarithm of the number
of total infected cases per each country. Going beyond
6this hypothesis is straightforward in our approach, but
such parameter tuning is not the point of this work. We
then performed statistical analyses averaging on different
level of cross Europe interactions and with the rest of the
world. The role of the rest of the world and possibly local
hotspots has been attributed to a Region-X, which acts
as a source of infection coupled to all or only few Euro-
pean countries. By calibrating on the current European
situation that shows early signs of the second wave, we
provided a temporal playbook of the second wave pan-
demic. Our results can be employed by governments,
financial markets and the industry world to implement
local and global measures.
The main results show that the temporal position of
the second wave peak, once started, is rather solid and
will occur between July 2020 and January 2021. The pre-
cise timing for each country can be controlled via travel
and social distancing measures.
In the added material, we also include an animation
representing the time evolution of the first and second
wave of the European COVID-19 pandemic resulting
from one of our simulations close to the average result
over 100 simulations for the most realistic case. The
simplicity of the eRG approach is such that the simu-
lations take only a few seconds on an average personal
laptop, thus providing a practical and accurate tool for
the understanding of a second (and third, and so on)
wave pandemic. The temporal playbook we provide is a
useful tool for governments, financial markets, the indus-
tries and individual citizens to prepare in advance and
possibly counter the threat of recurring pandemic waves.
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